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The optical rotational strengths of the methyl derivatives of cyclohexanone were calculated by means of
various types of molecular orbitals, which were converted from those used in the CNDO/2 method. One of them
is represented as a Sla ter-basis atomic orbital transformed from molecular orbitals on a CNDO basis by using the

overlap matrix.

Another was obtained only by modifying the normalization coefficient of the molecular orbi-

tals. From the results, the two-center matrix elements in the calculation of rotational strengths was found to be

not negligible, hence, the above-mentioned transformation was indicated to be indispensable.

Good agreement

with the experimental results was found for the transformed molecular orbitals, especially for those with a modi-

fication of the normalization coefficient.

The theoretical grounds for these transformations are discussed. The

formulae for the matrix elements of the gradient operator which are necessary for the calculation of the rotational

strength are given in the appendix.

Recently, several studies of the calculation of the
rotational strength by means of molecular orbital
theories have been published. Pao and Santry first
calculated the rotational strength of methyl-sub-
stituted cyclohexanones by the CNDO method,?
neglecting all the two-center matrix elements.?) Al-
though only a few experimental data are available,
the calculated values agree fairly well with the experi-
mental results. On the other hand, the extended
Hiickel method® was applied to the same molecule,
without neglecting the two-center matrix element,
by Gould and Hoffmann.? Their results seem to be
slightly too large.”) They also calculated the rota-
tional strength of the skewed butadiene chromophore
by Pariser-Parr-Pople z-electron-only SCF calcu-
lation, with configuration interaction in order to em-
phasize the importance of the configurational mixing.
The rotational strength of the skewed glyoxal at vari-
ous rotational angles was also calculated® by the ex-
tended Hickel and CNDO methods, with and with-
out configuration interactions, and with and without
the inclusion of two-center matrix elements. This
gives the correct sign of the rotational strength for the
various «-diketones which were substituted for the
skewed glyoxal as a model compound. However,
the absolute value of the rotational strength depends
remarkably upon the approximations used, that is,
whether it is the extended Hiickel method or the CN-
DO method, with or without configuration mixings,
and with or without inclusion of two-center integrals.
Similar calculations using the Pariser-Parr-Pople

1) J. A. Pople, D. P. Santry, and G. A. Segal, J. Chem. Phys.,
43, 5129 (1965); J. A. Pople and G. A. Segal, ibid., 43, s136
(1965); J. A. Pople and G. A. Segal, ibid., 44, 3289 (1966).

2) Yoh-han Pao and D. P. Santry, J. Amer. Chem. Soc., 88,
4157 (1966).

3) R. Hoffmann, J. Chem. Phys., 39, 1397 (1963).

4) R. R. Gould and R. Hoffmann, J. Amer. Chem. Soc., 92,
1813 (1970).

5) In Eq. (6) of Ref. 4, the factor of two is missing on the right
side of the equation (private communication). Therefore, the
calculated values in Table 1 should be multiplied by two, leading
to a slightly large calculated value in comparison with the ex-

perimental value.
6) W. Hug and G. Wagniere, Theor. Chim. Acta, 18, 57 (1970).

method were carried out for skewed butadiene and
acrolein by Cheong ¢t al.”? For more complex mole-
cules, the coupled oscillator theory®) or the method
of the composite molecule® was employed to find good
agreement with the experimental results.

Although the molecular orbital approach to the
calculation of the rotational strength is significantly
used at present, the quantitative agreement between
the calculated and observed values is not always
satisfactory. In connection with this, various ap-
proximations used in the above calculation should
be investigated. For example, the extended Hiickel
method includes all the overlap integrals; hence, the
inclusion of the two-center integrals used for the cal-
culation of the rotational strength is consistent with
the approximation of the extended Hiickel method
However, as is well known, this method is not ap-
propriate for the calculation of polar molecules be-
cause of the neglect of the electron-electron repulsion
terms. On the other hand, the CNDO method can
be expected to give a reasonable wave function for
polar molecules, while the inclusion of two-center
integrals for the rotational strength is in conflict with
the complete neglect of the differential overlap.

In the present investigation, the rotational strength
for a few methyl derivatives of cyclohexanone for which
experimental data are available were calculated in
the CNDO/2 method.’ The molecular orbital ob-
tained by means of the CNDO/2 method was trans-
formed to that of the Slater-basis set in order to over-
come the conflict between the inclusion of two-center
integrals in the calculation of the rotational strength
and the complete neglect of the differential overlap.
The procedure used for the transformation of the
molecular orbital from the CNDO basis to the Slater
basis will be described in detail in the following sec-
tion. The rotational strengths thus calculated are in
good agreement with the experimental data. The

7) Kam-Khow Cheong, A. Oshita, D. J. Caldwell, and H.
Eyring, Proc. Nat. Acad. Sci. USA, 67, 1727 (1970).

8) W. H. Inskeep, D. W. Miles, and H. Eyring, J. Amer. Chem.
Soc., 92, 3866 (1970).

9) S. Hagishita and K. Kuriyama, This Bulletin, 44, 617
(1971).
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difference between the rotational strengths calcu-
lated as the CNDO basis and as the Slater basis will be
considered in connection with the nature of the atomic
basis used in the molecular orbital. Moreover, theore-
tical grounds for the transformation of the molecular
orbitals will be discussed.

Method

Molecular  Orbitals. The molecular orbitals
employed for the calculation of the rotational strengths
were calculated by the CNDO/2 method.? The para-
meters included in the method were the same as those
proposed by Pople et alV The molecular orbitals
thus obtained were transformed to those on the Slater
basis in the following way: the molecular orbitals
on the CNDO basis were assumed to be represented
by the orthogonalized atomic basis defined by Low-
din;1® hence, the atomic orbitals on the CNDO basis
can be represented as an appropriate linear combi-
nation of Slater-type atomic orbitals effected by the
transformation, so that the atomic orbitals on the
CNDO basis are orthogonal with each other. The
reverse transformation was already carried out by
Pople ¢t al. in order to compare the results obtained by
the use of the CNDO method with those obtained by
the use of the non-empirical method.))? By making
use of Pople’s notation, the Slater basis set of atomic
orbitals, ¢', is given as;

¢' = ¢S'2 M
where ¢ is the CNDO-basis set of atomic orbitals and
where § is the overlap matrix calculated by use of the
Slater-type atomic orbitals.

Another conversion of molecular orbitals was car-
ried out as the assumption that the ratio of the coeffici-
ent in a given molecular orbital remains unaltered,
while the corresponding normalizing coefficient of the
molecular orbital was calculated including the over-
lap integrals, which were obtained as if the atomic
orbital on the CNDO basis were a Slater-type atomic
orbital. Therefore, the new coeflicient of the atomic
orbital can be obtained by dividing the old one by the
normalizing coefficient. For occupied orbitals, the
new coefficient is usually less in magnitude than the
old one because of the bonding character of the orbi-
tals, but the reverse is true for vacant orbitals because
of their antibonding character. The physical mean-
ings of these transformations are given below, along
with the results calculated for the rotational strength.

Calculation of the Optical Rotational Strength. The
optical rotational strength of the molecule, R, can be
calculated as follows't)

R = Im{<¥ | 2l (¥jm|T)} (2)

where ¥, and ¥, are wave functions of the ground
and the excited states respectively, and where g and
m are the electric and magnetic moment vectors re-
spectively. In order to avoid the origin dependence

10) P. O. Lowdin, J. Chem. Phys., 18, 365 (1950).

11) L. Rosenfeld, Z. Phys., 52, 161 (1928).

12) A. Moscowitz, “Modern Quantum Chemistry,” Vol. 3,
ed. by O. Sinanoglu, Academic Press, New York (1965), p. 31.
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of the rotational strength,!?) the matrix element of the
electric dipole moment is converted into the dipole
velocity formalism, as has already been done by Hoff-
mann et al.,

Girled = T (ol vigpIE~E) 0

where ¢; denotes an i-th molecular orbital, and E,,
its energy. By making use of Egs. (2) and (3), the
reduced rotational strength, [R,;], for the i—j tran-
sition, in which an electron in the i-th molecular orbital
is excited to the j-th molecular orbital, is given by

Eq. (4);
—7313
[Ri] = B = E;<¢ilVI¢j>'<¢iIrXV|¢i>: 4)

where energy is represented in eV units, and the gradi”
ent operator, in A units. In the LCAO MO approxi-
mation, the matrix element included in Eq. (4) can
be expanded into those between atomic orbitals.
Therefore,

<¢il V|¢j> = g SZ Circjs<xrl les>: (5)
(PlexVdiy = 271 ; CirCislXr e X VX5, (6)

where the molecular orbital, ¢,, is represented as in
Eq. (7), using the atomic orbital X, :

¢t = 2 Cir Xy (7)

Calculation of the Matrix Element between Atomic Or-

bitals. The problem now is to calculate the
matrix elements between atomic orbitals. One-
center integrals will be considered first. The one-

center integrals necessary for the calculation are the
gradient and the magnetic moment integrals. These
integrals have already been given in a previous paper ;2
hence, only the results will be indicated in this paper,
with slight modifications. For a gradient operator,
the following equations are obtained by using Slater-
type atomic orbitals;

fxstzxzpsz = _fxszVxxzsdT

_ 1 (8.8)2
V'3a (6, +90,)
where a, is the Bohr radius and where:

(248, 85,) ®)

X 1 (61 )5/27‘ p( 6, 9
= — X —_——T

28 V3 \ a € a ) > 9)
1 /3,\%/? 0

Lopz = 1/—7<—¢;:—> xexp(—;i-r) . (10)

If the 25 and 2p orbitals have the same Slater expo-
nent, Eq. (8) becomes simpler (Eq. (11)):

o]
‘/xzsv.vxzpzdf = —fxszszzadT = W‘a
(0=0,=6,). (11)

It is apparent that the same formulae are given for
the matrix elements between 25 and 2py or 2pz atomic
orbitals and that the matrix elements between 2p
orbitals and those between ls orbitals should vanish
because of their symmetrical properties. It should
be mentioned that when the matrix element is re-
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presented in atomic units, a, (Bohr radius) in the

denominator of Egs. (8) and (l1) is unnecessary.
The one-center matrix elements for the magnetic-

moment operator can be rewritten as follows:

[1lexw)tde = Rax [1,98,de+ [ 2,0 X 9) Zdr,
(12)
where R, is the position vector of the atom, A, to
which the X, and X, atomic orbitals belong, and
where r, XV is the magnetic moment operator on
the A atom. The second term of the right-hand

side of Eq. (12) can be calculated by using the fol-
lowing equations:

(I'AXV)XL,:O

(PaX V) Xps=0

(EaX V) Xapz = japs — kXypy (13)

(FaX V) Xopy = kXopz — iXyp,

(CaX V) Xops = iXppy — §X2pz / »
where i, j, and k are the unit vectors in the x, 7,
and z directions. By combining Eq. (12) with Eq.
(13) and Eq. (8) or Eq. (11), all kinds of one-center
matrix elements for the magnetic-dipole operator
can easily be calculated.

The two-center integrals will be considered next.
For the calculation of the two-center matrix elements
for the gradient operator, two atoms are assumed to
be located on the local coordinate Z axis at the dis-
tance of R from one another, as is shown in Fig. 1.

Xa X,
Za
atom a S atom bl .
L r vl
s [A
Yo Ys
Fig. 1. Local coordinate system.

Then, the matrix elements between the two atomic
orbitals on each atom are classified for calculation
into several groups according to their symmetrical
character, that is, the ¢ and = characteristics along
the Z axis for the atomic orbitals and the gradient

TaBLE 1.
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operator. The calculation of these matrix elements
is followed by the transformation of the coordinate
to obtain the matrix element between the atomic
orbitals whose coordinates, x, », and z are defined
in the whole molecule. The formulae for the trans-
formation have already been given in the paper by
Suzuki et al'® In Table 1, the equations for the
transformation are given; they can be applied by
making use of the direction cosines of the local Z-
axis with respect to the x, y, z-coordinate system.
The two-center gradient matrix elements in the local
coordinate can be calculated by using the prolate
spheroidal coordinate system, as has already been
done by Ehrenson and Phillipson.'¥ In this paper,
the formulae, which will be given in the appendix,
are represented in terms of A and B functions, which
are the auxiliary functions frequently used for the
calculation of the overlap integrals.1%

For the calculation of the two-center matrix elements
for the magnetic moment operator, the displacement
of the origin of the coordinate is necessary, as is shown
in the following equation:

fx,(rx V) 2,de = RAfo,VXsdr +fX,(rAXV)X3d1 (14)

where R, is the position vector of the atom, 4, to
which the atomic orbital, X,, belongs, and where
rs XV is the operator centered on the 4 atom. The
first term of Eq. (14) is easily obtained, since the val-
ues of the matrix element for the gradient operator
have been calculated in the preceeding step. The
second term converts to the calculation of the overlap
integrals for p orbitals, but vanishes for s orbitals, ac-
cording to Eq. (13).

The matrix elements between atomic orbitals thus
calculated are substituted into Egs. (5) and (6) to
obtain the rotational strength of the molecules. In
order to check the numerical values of these matrix
elements, the following equations, which are valid

for both the one-center and two-center integrals,
should be useful:
f 1, Vilsdr = — f TRVt (15)

FORMULAE FOR THE TRANSFORMATION OF TWO-CENTER GRADIENT INTEGRALS

(GAVADESACA ALY

(1 Vilp) =728 Vz|Pz) + (1 =22 (S| V2 |Px)
(il Vils) =y:2(P2| VzIS) + (1 —9:) (Px| Vx IS)

$IVilt) =r:7,{(S1Vz|P2) — (S| V£ |Px)}
(21 V:19) =7 {(PA VzIS) — (Px|VxIS)}

(Bl Vilp) = yily* (P2 V2 Pz) + (1 — ) {(P2| Vx |Px) + (Px| VzIPx) + (Px| Vx |P2) }]
(2l V;1p5) =v:[(1—yA) (P2 Vx|Px) + v/ {(P2l Vz|Pz) — (Px| V2l Px) — (Px|Vx |Pz)}]
(5l Vil b)) =ys[(1—:*) (Px| Vz|Px) + 7*{(P2| Vz|Pz) — (P2 Vx |Px) — (Px| Vx |Pz)}]
(bl Vilbg) =v;[(1—7:*) (Px| Vx |P2) +7:*{(P2| Vz|Pz) — (P2l Vx [Px) — (Px| Vz|Px)}]
(£ V;3106) = 7717:{ (P2l Vz|Pz) — (P2 Vx |Px) — (Px| Vz|Px) — (Px| Vx |Pz)}

i or j or k denotes one of x or y or z.

Small letter indicates the atomic orbitals defined in the coordinate of the whole

molecule, and large letter the local coordinate in which the Z axis coincides with the line combining two atoms (Fig. 1).
y; is the direction cosine of the Z axis with respect to the coordinate system x, y and z defined in molecule.

13) M. Suzuki, Y. Nihei, and H. Kamada, This Bulletin, 42,

323 (1969).
14) S. Ehrenson and P. E. Phillipson, J. Chem. Phys., 34, 1224

(1961).
15) R. S. Mulliken, C. A. Ricke, D. Orloff, and H. Orloff, J.

Chem. Phys., 17, 1248 (1949).
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[rExwtide = - [1ExVtidr, (16)

where k£ denotes either the x, y, or z component of
the operator. These equations can easily be proved
by using integration by parts. Therefore, Eqgs. (17)
and (18) can also be obtained:

P Veld = —LPAVelPd (17)
il XVl > = =L X V)eldi)- (18)

In our test calculation, the numerical values for the
matrix elements were checked against those in Ref.
6, where the numerical values of the z component
of the magnetic moment operator of glyoxal are given
together with the coordinates of the atoms. It was
also confirmed that the rotational strength thus cal-
culated does not vary with the transformation of the
coordinate and the displacement of the origin of the
coordinate.

Results and Discussion

In Table 2, the calculated rotational strengths of
the methyl derivatives are listed for various methods,
together with the experimental values. The coordi-
nates of the atoms used for the calculation are the
same as those in Ref. 2. By any method, fairly good
agreement with the experimental values is found.
However, the calculations with only one-center inte-
grals give too large values for 7-, 13-dimethyl cyclo-
hexanone. In other words, the neglect of the two-
center integrals results in a large effect on the value
of the rotational strength. Therefore, it should be
concluded that the rotational strength has to be cal-
culated by the inclusion of two-center integrals, even
in the CNDO method.

Theoretically speaking, the molecular orbital
employed for the calculation of the rotational strengths
including the two-center matrix elements should
not be the molecular orbital calculated in the ap-
proximation of the complete neglect of the differential
overlap, that is, by the CNDO method. In order to
overcome this difficulty, the molecular orbitals ob-
tained by the CNDO method were converted to those
on the Slater basis or those with a modification of
the normalization coefficient described in the pre-
vious section. The bonding parameters, f, in the
CNDO method were originally determined by cor-
responding the non-empirically calculated molecular
orbitals with those on the Slater basis, which were
converted from those on the CNDO basis for diatomic
molecules.)) In this sense, the molecular orbitals
on the Slater basis by the CNDO method seem to be
appropriate for the calculation of the rotational st-
rength by procedure including two-center matrix
elements. However, it should be emphasized that
the atomic orbital on the CNDO basis should have a
considerable mixing of Slater-type atomic orbitals
other than that of the atom considered if the atomic
orbital on the CNDO basis is assumed to be the ortho-
gonalized atomic orbital proposed by Lowdin and if
the overlap integrals between Slater-type atomic orbi-
tals are relatively large. On the other hand, the bond-
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TABLE 2. ROTATIONAL STRENGTHS OF METHYL DERIVATIVES
OF CYCLOHEXANONE FOR n-m¥ TRANSITION®

\_ Molecule 7-,13-CH, 7-,8-,13-CH,
cyclo- cyclo-
Method hexanone hexanone
. (total +1.65 +7.26
CNDO basis {one-centerb’ +4.95 +3.64
.. [total +4.10 +5.28
Slater basis {one-centcrb’ +11.44 +5.77
GNDO normalized® {‘Otal +1.95 +8.63
one-center® — —
Experimentall® +1.8 +6.7
Extended Hiickel? +11.06 +12.72

a) The rotational strengths are calculated by using the
value of 4eV for the n-n* excitation energy.

b) The rotational strength with the one-center matrix ele-
ment only.

c¢) CNDO normalized is the method in which the mole-
cular orbital is normalized by using overlap integrals.

ing parameters are appropriate for diatomic mole-
cules. Therefore, the Slater-type atomic orbitals
converted from those on the CNDO basis may not
correspond to the Slater-type atomic orbitals used in
non-empirical calculations for large molecules. This
may be the reason why the rotational strengths cal-
culated by using the molecular orbital on the Slater
basis are slightly different from the experimental
values.

Another approach to the calculation of rotational
strengths is to use the molecular orbital in which the
normalization coefficient is recalculated by including
overlap integrals, while the ratio of the coefficients
of atomic orbitals in a molecular orbital is assumed
to be the same as that in the CNDO method, as has
been mentioned in the previous section. Even in this
method, there are some faults, one of which is the fact
that the molecular orbitals in the CNDO method are
calculated in an approximation and with a complete
neglect of the differential overlap, contrary to the
inclusion of overlap integrals in the recalculation of
the normalization coeflicient. This discrepancy can
be overcome if the ratio of the coefficients of the atomic
orbitals in a molecular orbital does not depend upon
either the inclusion or neglect of the differential over-
lap in the CNDO calculation, which cannot be theore-
tically proved. Another fault included in this method
is the non-orthogonality, that is, the molecular orbi-
tals obtained by a modification of the normalization
coeflicient are usually not orthogonal with each other.
However, if the molecular orbitals have different
symmetries, even incompletely different ones, such
as in the n—z* transition in methylcyclohexanones,
this orthogonality between molecular orbitals is ap-
proximately retained. Generally speaking, this non-
orthogonal character may not have serious effects
on the rotational strength, since the bonding character
for occupied orbitals and the antibonding character
for vacant orbitals give rise to relatively small over-
lap integrals between occupied and the vacant orbi-
tals, although the contribution of this overlap term

16) H. Moffitt and A. Moscowitz, J. Chem. Phys., 30, 648 (1959).
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may not be negligible in some cases. At any rate,
as may be seen in Table 2, this molecular orbital with
a modification of the normalization coefficient seems
to give a remarkably good agreement with the experi-
mental results.

In connection with the modification of the molecu-
lar orbitals in the CNDO method, we would like to
mention that the calculation of the rotational strength
with only a one-center matrix element is not always
consistent with the approximation in the CNDO
method, contrary to the discussion given in a previous
paper.? The reason for this is that the atomic orbital
on the CNDO basis, which can be considered to be the
orthogonalized atomic orbital proposed by Lowdin,
usually gives non-vanishing two-center matrix ele-
ments for the gradient and the magnetic moment
operators, even if the corresponding overlap integral
vanishes. This is probably supported by the fact
that the rotational strengths with only one-center
matrix elements calculated by the CNDO molecular
orbital (first row of Table 2) are considerably different
from those with both one- and two-center matrix
elements calculated by the molecular orbitals on the
Slater basis (third row of Table 2).

In conclusion, the rotational strengths calculated
by the molecular orbitals in the CNDO method with
a modification of the normalization coefficients have
been found to be in excellent agreement with the ex-
perimental result. However, the validity of this
treatment must be extensively investigated for various
molecules, although the lack of the experimental values
of the rotational strength makes it impossible to do so
in the present investigation.

Numerical calculations were carried out on the
HITAC 5020E Computation Center of the University
of Tokyo and on the HITAC 8300 Computer at the
National Cancer Center.

Appendix

Formulae of the two-center matrix elements for the gradi-
ent operator. As is shown in Fig. 1, the Z axis directs from
the a atom to the b atom. R is the distance between a and b
atoms in A units, while P and ¢ are given by the following
equation:

R
P = ”2*;0‘(%-!-31:) (A-1)
0a—0p
t=—2- A-2
3atdn -2

where a, is the Bohr radius and where d, and J, are the
Slater exponents of the two atomic orbitals, a and 4. The
auxiliary functions, 4; and By, are defined as usual:1®

4,(P) = j: " wbe-Pady (A-3)

1
By(Pt) = f xte—Peady, (A-4)
-1

The formulae of various types of matrix elements for the
gradient operator are given below:

(1S ValISy) = — o (1 -9/ —1)
[4:By + 4,(B;— By) — 4y B4]

[Vol. 45, No. 2

(284|V2|185) = ———==(1—£2)5/2

81/ 3R
[4, 31 +4,(2B,— By) + A4, (By— 2B,) — A,B]

(18a| vz[285) = P11 )

81/ 3
[— AsB1 + 4, By+ A By — 4,B,]

e (1—12)3(1 —t)

41/ 3R
[4:B1+ 4,(By— By) — 4,B1]
ps
(2Pza| Vz|18y) = —-g (1 —1%)*/2[4,B, + 4, B,
— 4By — 4,B,]

d
(15| V2 [2Pzs) = -5 ~P*(1—£%)%(4,B, — Ay ;)

Ps
—gr 1=t (1—=1)"[ 4B, + 4,
X (B3—2By) + 4,(By—2B,) + 4,B,]
P5
(2Pxaql VXIISD) = —I—GR—(I —t0)5/2[44(By—B,)

+A45(By— B;) + Ay (By— By) + 4y(B; — By)]
(ISa' Vx IQPXa) = iPs(l “‘tz)s/z(AzBo“AoBz)
£ Tep (1—t2)%3(1 —1t)*[A3(B,— B,)
16R 3 0 2,
+ Ay (By— Bs) + 41 (B, — By) + Ay (B; — By)]

é
(28, Vz[28s) = 48';0P5(1—t2)5/2[A3(B0~—Bz)

+4,(By—By) + By (4, — Ay) + By (A, — 4,)]

P
g7 (|~ 1)L ABy+ 4y(2By— By)
+4,(By—2B,) — 4]
5

(2Pz4| Vz|28) = _W/—PS(I —2)5/2

[B:(4y+ Ay) — A3(Bo+ By)]
I

81/ 3R

X [A3B;+ 4,B;— A,By— 4,B;]

— (1 —12)5/2

(284| Vz[2Pzs) = PAL—22)%3(1+1)

s
81 34q,
(43By+ 4B, — 4,8, — 4,B;)
—42)\6/2(] —
161/3R(1 £2)5/2(1 1)
X [A4,By+24;(Bs—B,) + A;(By—4B,+ By)
+24,(B,—B;) 4+ 4,B,]
o]
(2Pxd Vx25) = —5; 1/"3 —P5(1—¢%)5/2
X [Ad(Bo—Bz) + A3(By—By) + A4y(By— By)]

16"/3R (1 t2)5/2[A3(Bo__Bz)

+ Ay(By— By) + A,(By— By) + 4o (B3 —By)]
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(280|Vx|2Pxs) =
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Oy
813 a,
X [A3Bo+ 4B, — A4, B, — 4,B;]
_v3pe

96R
X [44(Bo— B,) +245(B, — By)
+45(2B;— B, —B,) +24,(B;—B,)
+4y(By— B,)]

P3(1—12)3/2(1 +1)

(1—12)5/2(1—1)

(2Pl V[2Pz2) = o PA(1—#)/4(144)
0

X [AsBy+ A:By— 4,B; — 4, B ]
J

X [A4B5+ A3(By—B,) — A5 (B3 + By)

+4,(By—B,) +4,B,]

1—2)5/2(1—t)

PG
(2Pxo|Vx [2Pz) = —?)Z—R(l—tz)m(l—t)
X [Ay(By— B;) + 4,(2B, — B, — By)
+2A4,(B;— B,) + 4,(By—2B,+ By)
-+ 4y (B, — By)]

(2Pral Vx [2Ps) = o-PH1—£2)3/2(1 1)
0
[4;B,+ 4;By— 4,B;— 4,B]

e (1572 (1—0)[Ay(B,~ By)
- A4(Bo—B) + 4By Bo)+ Ao(By—By)]
(2Pral Val2Pro) = —gp (1 —2)¥3(1 =)
[Au(By— Bq) + 44(2By— By By)
+24,(Bs— By) +4,(B,— 2B, + By)
+ 44(By—By)]






